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FURTHER FACTORIZATION OF xn − 1 OVER A FINITE FIELD
YANSHENG WU, QIN YUE, AND SHUQIN FAN
Abstract. Let Fq be a finite field with q elements and n a positive integer.
Mart´ınez, Vergara and Oliveira [8] explicitly factorized xn − 1 over Fq under the
condition of rad(n)|(q − 1). In this paper, suppose that rad(n) ∤ (q − 1) and
rad(n)|(qw − 1), where w is a prime, we explicitly factorize xn − 1 into irreducible
factors in Fq[x] and count the number of its irreducible factors.
1. Introduction
Let Fq be a finite field of order q, where q is a positive power of a prime p. Fac-
torization of polynomials over finite fields is a classical topic of mathematics. There
are various computational problems depending in one way or another on the factor-
ization of polynomials over finite fields. The factorization of xn − 1 has a very close
relation to the factorization of the n-th cyclotomic polynomial Φn(x) (see [7]), which
has received a good deal of attention.
In 2007, the explicit factorization of Φ2nr(x) over a finite field Fq was studied by
Fitzgerald and Yucas [4], where r is an odd prime with q ≡ ±1 (mod r). This
gave the explicit irreducible factors of Φ2n3(x) and the Dickson polynomial D2n3(x)
completely.
In 2012, Wang and Wang [10] showed that all irreducible factors of 2nr-th cy-
clotomic polynomials can be obtained easily from irreducible factors of cyclotomic
polynomials of small orders. Hence, the explicit factorization of 2n5-th cyclotomic
polynomials over finite fields was obtained by this way. Assuming that the explicit
factors of Φr(x) are known, Tuxanidy and Wang obtained the irreducible factors of
Φ2nr(x) over Fq concretely in [9], where r > 3 is an arbitrary odd integer.
In 2013, Chen, Li and Tuerhong [3] obtained the irreducible factorization of x2
mpn−
1 over Fq in a very explicit form, where p is an odd prime divisor of q − 1. It is also
shown that all the irreducible factors of x2
mpn − 1 over Fq are either binomials or
trinomials.
Later in 2015, Mart´ınez, Vergara and Oliveira [8] investigated when the polynomial
xn − 1 can be split into irreducible binomials xt − a or trinomials x2t − axt + b over
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Fq. Most recently, Wu, Zhu, Feng and Yang [13] showed that all irreducible factors
of pn-th and pnr-th cyclotomic polynomials can be obtained from irreducible factors
of cyclotomic polynomials of small orders. Applying this result, they presented a
general idea to factorize cyclotomic polynomials over finite fields. Some explicit
factorizations of certain cyclotomic polynomials or Dickson polynomials can be found
in [1, 2, 3, 4, 5, 6, 7, 11, 12], etc.
This paper is organized as follows. In Section 2, we present some basic results. In
Section 3, suppose that rad(n) ∤ (q − 1) and rad(n)|(qw − 1), where w is prime, we
shall explicitly give the factorization of the polynomial xn− 1 into irreducible factors
over Fq. Moreover, the total number of irreducible factors of x
n − 1 is given. In
Section 4, we conclude this paper.
For convenience, we introduce the following notations in this paper:
q a power of a prime p,
Fq finite field GF (q),
Trq/p trace function from Fq to Fp,
pi a generator of F∗q2w ,
δ a generator of F∗qw satisfying δ = pi
qw+1,
α a generator of F∗q2 satisfying α = pi
q2w−1
q2−1 ,
θ a generator of F∗q satisfying θ = pi
q2w−1
q−1 ,
ms ms :=
n
gcd(n,qs−1)
, where s is a positive integer,
ls ls :=
qs−1
gcd(n,qs−1)
, where s is a positive integer,
2. Preliminaries
Let n = pα11 p
α2
2 · · · p
αl
l be the prime factorization, where p1, . . . , pl are distinct
primes and positive integers αi ≥ 1 for 1 ≤ i ≤ l. We denote rad(n) = p1p2 · · · pl and
vpi(n) = αi, 1 ≤ i ≤ l. For any two integers m and n with gcd(m,n) = 1, ordn(m)
denote the minimum positive integer k such that mk ≡ 1 (mod n).
There is a classical remarkable criterion on irreducible binomials over Fq, which
was given by Serret in 1866.
Lemma 2.1. [7, Theorem 3.75] Assume that t ≥ 2 is a positive integer and η ∈ F∗q.
Then the binomial xt − η is irreducible over Fq if and only if both the following
conditions are satisfied:
(i) rad(t) divides o(η), where o(η) denotes the order of η in F∗q,
(ii) gcd(t, q−1
o(η)
) = 1,
(iii) if 4 | t, then 4|(q − 1).
In fact, if t = 4s, q ≡ 3 (mod 4) and a is not a square in Fq, then x
t − a =
(x2s − bxs + c)(x2s + bxs + c) is reducible over Fq, where b, c ∈ Fq, c
2 = −a, b2 = 2c.
We need the following results concerning the explicit factorization of the polynomial
xn − 1 over Fq.
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Lemma 2.2. [8, Corollary 1] Let Fq be a finite field and n a positive integer such
that both rad(n)|(q − 1) and either q 6≡ 3 (mod 4) or 8 ∤ n. Set m1 =
n
gcd(n,q−1)
, l1 =
q−1
gcd(n,q−1)
, and θ a generator of F∗q. Then the factorization of x
n − 1 into irreducible
factors in Fq[x] is
∏
t|m1
∏
1 6 u 6 gcd(n, q − 1)
gcd(u, t) = 1
(xt − θul1).
Moreover, for each t|m1, the number of irreducible factors of degree t is
ϕ(t)
t
·
gcd(n, q − 1), where ϕ denotes the Euler Totient function, and the total number of
irreducible factors is
gcd(n, q − 1) ·
∏
p | m1
p prime
(
1 + vp(m1) ·
p− 1
p
)
.
Lemma 2.3. [8, Corollary 2] Let Fq be a finite field and n a positive integer such
that rad(n)|(q − 1), q ≡ 3 (mod 4), and 8|n. Set m2 =
n
gcd(n,q2−1)
, l2 =
q2−1
gcd(n,q2−1)
,
l1 =
q−1
gcd(n,q−1)
, r = min{v2(n/2), v2(q+ 1)}, α a generator of F
∗
q2 satisfying θ = α
q+1.
Then the factorization of xn − 1 into irreducible factors in Fq[x] is
∏
t|m2
t odd
∏
1 6 v 6 gcd(n, q − 1)
gcd(v, t) = 1
(xt − θvl1) ·
∏
t|m2
∏
u∈Rt
(x2t − (αul2 + αqul2)xt + θul2),
where
Rt =
{
u ∈ N :
1 ≤ u ≤ gcd(n, q2 − 1), gcd(u, t) = 1,
2r ∤ u, and u < {qu}gcd(n,q2−1)
}
.
Note that {a}b denotes the remainder of the division of a by b.
Moreover, for each t odd with t|m2, the numbers of irreducible binomials of degree
t is ϕ(t)
t
· gcd(n, q − 1); the number of irreducible trinomials of degree 2t is
{
ϕ(t)
2t
· 2r gcd(n, q − 1), if t is even,
ϕ(t)
2t
· (2r − 1) gcd(n, q − 1), if t is odd.
The total number of irreducible factors of xn − 1 over Fq is
gcd(n, q − 1) ·
(
1
2
+ 2r−2(2 + v2(m2))
)
·
∏
p|m2
p odd prime
(
1 + vp(m2)
p− 1
p
)
.
Lemma 2.4. [13, Lemma 14] Let n be a positive integer, q a prime power coprime
with n, and w the smallest positive integer such that qw ≡ 1 (mod rad(n)). If f(x)
is an irreducible factor of Φn(x) over Fqw , then f
σ(x) is also an irreducible factor of
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Φn(x) over Fqw, where σ : Fqw −→ Fqw ;α 7−→ α
q, is the Frobenius mapping of Fqw
over Fq. Moreover, f(x)f
σ(x)fσ
2
(x) · · ·fσ
w−1
(x) is an irreducible factor of Φn(x)
over Fq.
3. Factorization of xn − 1 over Fq
In this section, we always assume that gcd(n, q) = 1 and the smallest positive
integer w satisfying qw ≡ 1 (mod rad(n)) is a prime.
For each positive divisor d of n, the order of q modulo rad(d) is 1 or w by
rad(d)|rad(n) and w a prime.
Suppose that xn − 1 =
∏
d|n
Φd(x) =
∏
d|n
fd,1(x)fd,2(x) · · · fd,sd(x) is the irreducible
factorization of xn − 1 over Fqw . We define the set
D = {d | n : 1 ≤ d ≤ n, rad(d)|(q − 1)}.
Hence those irreducible polynomials can be divided into two parts:
X(1) = {fd,j(x) : d ∈ D, 1 6 j 6 sd}, X
(2) = {fd,j(x) : d /∈ D, 1 6 j 6 sd}.
From [13], there is an equivalence relation ∼ on X(2) as follows:
fd,i(x) ∼ fd,j(x) if and only if fd,j(x) = f
σk
d,i (x) for some 0 6 k 6 w − 1.
By Lemma 2.4, we have the irreducible factorization of xn − 1 over Fq
xn − 1 =
∏
g(x)∈X(1)
g(x)
∏
f(x)∈X∗
f(x)fσ(x)fσ
2
(x) · · · fσ
w−1
(x),
where X∗ is the complete system of equivalence class representatives of X(2) relative
to ∼.
Lemma 3.1. Let w be a prime.
(1) Then we have
gcd(q − 1,
qw − 1
q − 1
) =
{
1, if w ∤ (q − 1),
w, if w|(q − 1).
(2) If w is odd, then vw(
qw−1
q−1
) = 1.
(3) If w ∤ (q − 1), then w ∤ q
w−1
q−1
.
Proof. (1) Since q
w−1
q−1
= 1+q+q2+ · · ·+qw−1 = w+(q−1)+(q2−1)+ · · ·+(qw−1−1),
gcd(q − 1, q
w−1
q−1
) = gcd(q − 1, w) = 1 or w.
(2) If w is an odd prime and vw(q − 1) = r ≥ 1, i.e. q = 1 + aw
r, gcd(a, w) = 1.
Then qw − 1 ≡ awr+1 (mod wr+2) and vw(
qw−1
q−1
) = 1.
(3) Suppose that q − 1 = aw + b, where a, b are integers and 0 < b < w. Then
qw−1
q−1
≡ 1 + (b + 1) + · · · + (b + 1)w−1 ≡ bw−1 (mod w). As w is a prime and b 6= 0,
we have vw(
qw−1
q−1
) = 0. 
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3.1. w is an odd prime. In the subsection, we always assume that ordrad(n)(q) = w
is an odd prime.
First, we consider the case: either q 6≡ 3 (mod 4) or 8 ∤ n. Let mw =
n
gcd(n,qw−1)
,
lw =
qw−1
gcd(n,qw−1)
, and δ a generator of F∗qw . By Lemma 2.2, there is a irreducible
factorization of xn − 1 over Fqw :
xn − 1 =
∏
t|mw
∏
1 6 u 6 gcd(n, qw − 1)
gcd(u, t) = 1
(xt − δulw). (3.1)
Next we will explicitly give the irreducible factorization of xn − 1 over Fq. In fact,
we only investigate whether δulw ∈ Fq.
Theorem 3.2. Suppose that ordrad(n)(q) = w, where w is an odd prime, and ei-
ther q 6≡ 3 (mod 4) or 8 ∤ n. Let n = wvw(n)n1n2, rad(n1)|(q − 1), rad(n2)|
qw−1
q−1
,
gcd(w, n1n2) = 1. Set mw =
n
gcd(n,qw−1)
, lw =
qw−1
gcd(n,qw−1)
, mw,1 =
n1
gcd(n1,q−1)
, l1 =
q−1
gcd(n,q−1)
, δ a generator of F∗qw and θ = δ
qw−1
q−1 . Then
(1) The irreducible factorization of xn − 1 over Fq is
∏
t|mw,1
∏
1 ≤ u′ ≤ gcd(n, q − 1)
gcd(u′, t) = 1
(xt − θu
′l1)
∏
t|mw
u ∈ St
w−1∏
k=0
(xt − δulw)σ
k
, (3.2)
where
St =
{
u ∈ N :
1 ≤ u ≤ gcd(n, qw − 1), gcd(u, t) = 1,
qw−1
q−1
∤ ulw, u = min{u, qu, · · · , q
w−1u}gcd(n,qw−1)
}
and u = min{u, qu, · · · , qw−1u}gcd(n,qw−1) denotes that u is the minimum remainder
modulo gcd(n, qw − 1) in the set {u, qu, · · · , qw−1u}.
(2) For each t|mw,1, the number of irreducible factors of degree t and wt are
ϕ(t)
t
·
gcd(n, q − 1) and ϕ(t)
wt
· (gcd(n, qw − 1) − gcd(n, q − 1)), respectively. For each t|mw
and t ∤ mw,1, the number of irreducible factors of degree wt is
ϕ(t)
wt
· gcd(n, qw − 1).
The total number of irreducible factors is
∏
p|mw
p prime
(1 + vp(mw)
p− 1
p
) ·
gcd(n, qw − 1)
w
+
∏
p|mw,1
p prime
(1 + vp(mw,1)
p− 1
p
) ·
w − 1
w
· gcd(n, q − 1).
Proof. In Eq. (3.1), by [8] for each divisor t ofmw the number of irreducible binomials
of degree t in Fqw [x] is
ϕ(t)
t
· gcd(n, qw − 1). Moreover, xt − δulw is also irreducible in
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Fq[x] if and only if
qw−1
q−1
|ulw if and only if δ
ulw ∈ Fq. In the following, we investigate
it.
Suppose that gcd(n, q − 1, q
w−1
q−1
) = 1. By Lemma 3.1, we have that n = n1n2,
rad(n1)|(q − 1), rad(n2)|
qw−1
q−1
and gcd(n1, n2) = 1. So gcd(n, q
w − 1) = gcd(n, q −
1) gcd(n, q
w−1
q−1
) and
gcd(
qw − 1
q − 1
, lw) = gcd(
qw − 1
q − 1
,
q − 1
gcd(n, q − 1)
·
qw−1
q−1
gcd(n, q
w−1
q−1
)
) =
qw−1
q−1
gcd(n, q
w−1
q−1
)
.
Hence, xt−δulw ∈ Fq[x] is irreducible if and only if
qw−1
q−1
|ulw if and only if gcd(n,
qw−1
q−1
)|u.
We have mw =
n
gcd(n,qw−1)
= n1
gcd(n1,q−1)
· n2
gcd(n2,
qw−1
q−1
)
, and set
mw,1 =
n1
gcd(n1, q − 1)
.
If t|mw,1, we have x
t−δulw ∈ Fq[x] is also irreducible if and only if u = gcd(n,
qw−1
q−1
)u′
for 1 ≤ u′ ≤ gcd(n, q−1) and gcd(t, u′) = 1. Since gcd(u′, t) = 1 and rad(t) | rad(n1) |
gcd(n, q − 1), every prime that divides t also divides gcd(n, q − 1). Let p1, p2, · · · , pk
be the list of primes that divide t. It follows that there exist (1 − 1
p1
) · gcd(q − 1, n)
numbers less or equal to gcd(q−1, n) that do not have any common factor with p1. In-
ductively we conclude that (1− 1
p1
)(1− 1
p2
) · · · (1− 1
pk
)·gcd(n, q−1) = ϕ(t)
t
gcd(n, q−1)
numbers without any common factor with t. Hence there exist ϕ(t)
t
· gcd(n, q − 1) ir-
reducible binomials of degree t in Fqw [x] that are in Fq[x]. On the other hand, for
each binomial xt − δulw ∈ Fqw [x], gcd(n,
qw−1
q−1
) ∤ u, there are w conjugate binomials
in Fqw [x] such that their product generates an irreducible polynomial in Fq[x]. Thus
the number of irreducible polynomials of degree wt in Fq[x] is
ϕ(t)
wt
· (gcd(n, qw − 1)− gcd(n, q − 1)).
If t ∤ mw,1, we have there is not any binomial polynomial of degree t in Fqw [x] that
is also in Fq[x]. Hence the number of irreducible polynomials of degree wt in Fq[x] is
ϕ(t)
wt
· gcd(n, qw − 1).
Hence we have the irreducible factorization of xn − 1 over Fq in (3.2).
Moreover, observe now that the function ϕ(t) is a multiplicative function, then∑
t|mw
ϕ(t)
t
and
∑
t|mw,1
ϕ(t)
t
are also multiplicative and thus it is enough to calculate
this sum for powers of primes. In this case we have
∑
d|pk
ϕ(d)
d
= 1 + k(1−
1
p
).
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Finally, the total number of irreducible factors of xn − 1 in Fq[x] is∑
t|mw,1
ϕ(t)
wt
· (gcd(n, qw − 1) + (w − 1) gcd(n, q − 1)) +
∑
t∤mw,1
ϕ(t)
t
·
gcd(n, qw − 1)
w
=
∑
t|mw
ϕ(t)
t
·
gcd(n, qw − 1)
w
+
∑
t|mw,1
ϕ(t)
t
·
w − 1
w
· gcd(n, q − 1)
=
∏
p|mw
p prime
(1 + vp(mw)
p− 1
p
) ·
gcd(n, qw − 1)
w
+
∏
p|mw,1
p prime
(1 + vp(mw,1)
p− 1
p
) ·
w − 1
w
· gcd(n, q − 1).
Suppose that gcd(n, q−1, q
w−1
q−1
) = w, where w is an odd prime. Let n = wvw(n)n1n2,
where rad(n1)|(q − 1), rad(n2)|
qw−1
q−1
, and gcd(w, n1n2) = 1.
If vw(n) ≥ vw(q
w − 1), by Lemma 3.1 gcd(n, qw − 1) = gcd(n, q − 1) gcd(n, q
w−1
q−1
)
and
gcd(
qw − 1
q − 1
, lw) = gcd(
qw − 1
q − 1
,
q − 1
gcd(n, q − 1)
·
qw−1
q−1
gcd(n, q
w−1
q−1
)
) =
qw−1
q−1
gcd(n, q
w−1
q−1
)
.
We have mw =
n
gcd(n,qw−1)
= wvw(n)−vw(q
w−1) · n1
gcd(n1,q−1)
· n2
gcd(n2,
qw−1
q−1
)
, and set
mw,1 =
n1
gcd(n1, q − 1)
.
Hence, xt−δulw ∈ Fq[x] is irreducible if and only if
qw−1
q−1
|ulw if and only if gcd(n,
qw−1
q−1
)|u.
Similarly, we have the irreducible factorization of xn−1 over Fq in (3.2) and the total
number of irreducible factors of xn − 1 in Fq[x].
If vw(n) < vw(q
w−1), by Lemma 3.1, gcd(n, qw−1) = gcd(n/w, q−1) gcd(n, q
w−1
q−1
)
and
gcd(
qw − 1
q − 1
, lw) = gcd(
qw − 1
q − 1
,
q − 1
gcd(n/w, q − 1)
·
qw−1
q−1
gcd(n, q
w−1
q−1
)
) =
w · q
w−1
q−1
gcd(n, q
w−1
q−1
)
.
We have mw =
n
gcd(n,qw−1)
= n1
gcd(n1,q−1)
· n2
gcd(n2,
qw−1
q−1
)
and set
mw,1 =
n1
gcd(n1, q − 1)
.
Hence, xt − δulw ∈ Fq[x] is irreducible if and only if
qw−1
q−1
|ulw if and only if
1
w
·
gcd(n, q
w−1
q−1
)|u. Note that gcd(n, qw − 1) = gcd(n, q − 1) · 1
w
· gcd(n, q
w−1
q−1
). Similarly,
we have the irreducible factorization of xn − 1 over Fq in (3.2) and the total number
of irreducible factors of xn − 1 in Fq[x]. 
Example 3.3. Suppose that w = 3 and n, q are positive integers satisfying the con-
dition in Theorem 3.2, i.e., ordrad(n)(q) = 3 and either q 6≡ 3 (mod 4) or 8 ∤ n. In
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Table 1, we list irreducible factor numbers of xn − 1 over Fq for q < 10 by Theorem
3.2.
Table 1. Total irreducible factor number of xn − 1(k > 1)
q n mw Irreducible factors number
2 7k 7k−1 2k + 1
3 2k113k(0 6 k1 6 1) 13
k−1 2k1(4k + 1)
3 2k113k(k1 > 2) 2
k1−113k−1 (k1 + 1)(4k + 1)
4 3k17k(0 6 k1 6 1) 7
k−1 3k1(2k + 1)
4 3k17k(k1 > 2) 3
k1−27k−1 12k1k + 2k1 − 6k + 1
5 2k131k(0 6 k1 6 2) 31
k−1 2k1(10k + 1)
5 2k131k(k1 > 2) 2
k1−231k−1 2k1(10k + 1)
7 2k13k219k(0 6 k1, k2 6 1) 19
k−1 2k13k2(6k + 1)
7 2k13k219k(0 6 k1 6 1, k2 > 2) 3
k2−219k−1 2k1(36k2k + 2k2 − 18k + 1)
7 4× 3k219k(0 6 k2 6 1) 2× 19
k−1 3k2+1(6k + 1)
7 4× 3k219k(k2 > 2) 2× 3
k2−219k−1 3(36k2k + 2k2 − 18k + 1)
8 7k173k(0 6 k1 6 1) 73
k−1 7k1(24k + 1)
8 7k173k(k1 > 1) 7
k1−173k−1 (6k1 + 1)(24k + 1)
9 2k17k213k(0 6 k1 6 3, 0 6 k2 6 1) 13
k−1 2
k1 (7k2 (12k+1)+2)
3
9 2k17k213k(0 6 k1 6 3, k2 > 2) 7
k2−113k−1 2k1(6k2k + 2k2 + 4k + 1)
9 2k17k213k(k1 > 4, 0 6 k2 6 1) 2
k1−413k−1 4(k1−2)(7
k2 (12k+1)+2)
3
·
9 2k17k213k(k1 > 4, k2 > 2) 2
k1−47k2−113k−1 4(k1 − 2)(24k2k + 2k2 + 4k + 1)
Second, we consider the case: q ≡ 3 (mod 4) and 8|n. By w an odd prime, qw ≡ 3
(mod 4) if and only if q ≡ 3 (mod 4).
Let m2w =
n
gcd(n,q2w−1)
, l2w =
q2w−1
gcd(n,q2w−1)
, lw =
qw−1
gcd(n,qw−1)
, r = min{v2(n/2), v2(q
w+
1)} = min{v2(n/2), v2(q + 1)}, pi a generator of F
∗
q2w , and δ = pi
qw+1. Then the
factorization of xn − 1 into irreducible factors in Fqw [x] is
∏
t|m2w
t odd
∏
1 6 v 6 gcd(n, qw − 1)
gcd(v, t) = 1
(xt−δvlw )·
∏
t|m2w
∏
u∈Rt
(x2t−(piul2w+piq
wul2w)xt+δul2w), (3.3)
where
Rt =
{
u ∈ N :
1 ≤ u ≤ gcd(n, q2w − 1), gcd(u, t) = 1,
2r ∤ u, and u = min{u, qwu}gcd(n,q2w−1)
}
.
Note that {a}b denotes the remainder of the division of a by b.
Next we will explicitly give the irreducible factorization of xn − 1 over Fq.
Theorem 3.4. Suppose that ordrad(n)(q) = w, where w is an odd prime, q ≡ 3
(mod 4) and 8|n. Let n = wvw(n)n1n2, rad(n1)|(q− 1), rad(n2)|
qw−1
q−1
, gcd(w, n1n2) =
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1. Set m2w =
n
gcd(n,q2w−1)
, mw =
n
gcd(n,qw−1)
, mw,1 =
n1
gcd(n1,q−1)
, l2w =
q2w−1
gcd(n,q2w−1)
,
lw =
qw−1
gcd(n,qw−1)
, l2 =
q2−1
gcd(n,q2−1)
, l1 =
q−1
gcd(n,q−1)
, r = min{v2(
n
2
), v2(q
w + 1)}, pi a
generator of F∗q2w , δ = pi
qw+1, α = pi
q2w−1
q2−1 , and θ = δ
qw−1
q−1 . Then
(1) The irreducible factorization of xn − 1 over Fq is as follows:
∏
t|mw,1
t odd
∏
1 6 v′ 6 gcd(n, q − 1)
gcd(t, v′) = 1
(xt − θv
′l1) ·
∏
t|m2w
v ∈ St
w−1∏
k=0
(xt − δvq
klw)
·
∏
t|mw,1
u′ ∈ R
(1)
t
(x2t − (αu
′l2 + αu
′l2)xt + θu
′l2) ·
∏
t|m2w
u ∈ R
(2)
t
2w−1∏
k=0
(xt − piuq
kl2w),
where
St =
{
v ∈ N :
1 ≤ v ≤ gcd(n, qw − 1), gcd(v, t) = 1,
gcd(n, q
w−1
q−1
) ∤ v, v = min{v, qv, · · · , qw−1v}gcd(n,qw−1)
}
,
R
(1)
t =
{
u′ ∈ N :
1 ≤ u′ ≤ 2r gcd(n, q − 1), gcd(u′, t) = 1,
2r ∤ u′, u′ = min{u′, u′qw}gcd(n,q2−1)
}
,
and
R
(2)
t =
{
u ∈ N :
1 ≤ u ≤ gcd(n, q2w − 1), gcd(u, t) = 1, 2r ∤ u,
gcd(n, q
w−1
q−1
) ∤ u, and u = min{u, uq, · · · , q2w−1u}gcd(n,q2w−1)
}
.
(2) For each odd t and t|mw,1, the numbers of irreducible polynomials of degree t,
2t, wt, 2wt over Fq are
ϕ(t)
t
·gcd(n, q−1), ϕ(t)
2t
·(2r−1) ·gcd(n, q−1), ϕ(t)
wt
·(gcd(n, qw−
1) − gcd(n, q − 1)) and ϕ(t)
2wt
· (2r − 1) · (gcd(n, qw − 1) − gcd(n, q − 1)), respectively.
For each odd t and t ∤ mw,1, the numbers of irreducible polynomials of degree wt, 2wt
over Fq are
ϕ(t)
wt
· gcd(n, qw − 1) and ϕ(t)
2wt
· (2r − 1) · gcd(n, qw − 1), respectively. For
each even t and t|mw,1, the numbers of irreducible polynomials of degree 2t, 2wt over
Fq are
ϕ(t)
2t
·2r ·gcd(n, q−1) and ϕ(t)
2wt
·2r · (gcd(n, qw−1)−gcd(n, q−1)), respectively.
For each even t and t ∤ mw,1, the numbers of irreducible polynomials of degree 2wt
over Fq is
ϕ(t)
2wt
· 2r · gcd(n, qw − 1). The total number of irreducible factors of xn − 1
in Fq[x] is
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∏
p|m2w
p prime
(1 + vp(m2w)
p− 1
p
) ·
2r−1
w
· gcd(n, qw − 1)
+
∏
p|m2w
p odd prime
(1 + vp(m2w)
p− 1
p
) ·
1
2w
· gcd(n, qw − 1)
+
∏
p|mw,1
p prime
(1 + vp(m2w)
p− 1
p
) ·
2r−1(w − 1)
w
· gcd(n, q − 1)
+
∏
p|mw,1
p odd prime
(1 + vp(m2w)
p− 1
p
) ·
w − 1
2w
· gcd(n, q − 1).
Proof. Since rad(n)|(qw−1) and w is odd, we have gcd(n/2, qw+1) = gcd(n/2, q+1) =
2r, where r = min{v2(n/2), v2(q
w + 1)} = min{v2(n/2), v2(q + 1)},
m2w =
n
gcd(n, q2w − 1)
=
n
gcd(n/2, qw + 1) gcd(n, qw − 1)
=
mw
2r
and
l2w =
q2w − 1
gcd(n, q2w − 1)
=
qw − 1
gcd(n, qw − 1)
·
qw + 1
gcd(n/2, qw + 1)
=
qw + 1
2r
lw.
Now we consider two cases.
Case 1. Suppose that gcd(n, q − 1, q
w−1
q−1
) = 1. Let n = n1n2, rad(n1)|(q −
1), rad(n2)|
qw−1
q−1
and gcd(n1, n2) = 1. By gcd(n, q
w − 1) = gcd(n, q − 1) gcd(n, q
w−1
q−1
),
we have
mw =
n
gcd(n, qw − 1)
=
n1
gcd(n1, q − 1)
·
n2
gcd(n2,
qw−1
q−1
)
and set
mw,1 =
n1
gcd(n1, q − 1)
.
Firstly, we investigate the product in (3.3):∏
t|m2w
t odd
∏
1 6 v 6 gcd(n, qw − 1)
gcd(v, t) = 1
(xt − δvlw).
We determine when these binomial polynomials xt − δvlw ∈ Fq[x] are irreducible.
Note that
gcd(
qw − 1
q − 1
, lw) = gcd(
qw − 1
q − 1
,
q − 1
gcd(n,q − 1)
·
qw−1
q−1
gcd(n,
qw−1
q−1
)
) =
qw−1
q−1
gcd(n,
qw−1
q−1
)
.
For t|m2w, t odd, 1 ≤ v ≤ gcd(n, q
w − 1) and gcd(t, v) = 1, binomial polynomial
xt − δvlw ∈ Fq[x] is irreducible if and only if gcd(n,
qw−1
q−1
)|v.
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If t|mw,1 and t is odd, we have x
t − δvlw ∈ Fq[x] is also irreducible if and only
if v = gcd(n2,
qw−1
q−1
)v′ for 1 ≤ v′ ≤ gcd(n, q − 1) and gcd(t, v′) = 1. Hence there
exist ϕ(t)
t
· gcd(n, q − 1) binomial polynomials of degree t in Fqw [x] that are in Fq[x].
On the other hand, for each binomial xt − δvlw ∈ Fqw [x], gcd(n,
qw−1
q−1
) ∤ v, there
are w conjugate binomials in Fqw [x] such that their product generates an irreducible
polynomial in Fq[x], i.e.
∏w−1
k=0 (x
t− δvq
klw) ∈ Fq[x] is irreducible. Thus the number of
irreducible polynomials of degree wt in Fq[x] is
ϕ(t)
wt
· (gcd(n, qw − 1)− gcd(n, q − 1)).
If t ∤ mw,1 and t is odd, we have there is not any binomial polynomial of degree t
in Fqw [x] that is also in Fq[x]. Hence the number of irreducible polynomials of degree
wt in Fq[x] is
ϕ(t)
wt
· gcd(n, qw − 1).
Secondly, we investigate the product in (3.3):∏
t|m2w
∏
u∈Rt
(x2t − (piul2w + piq
wul2w)xt + δul2w).
We determine when these polynomials x2t − (piul2w + piq
wul2w)xt + δul2w ∈ Fq[x] are
irreducible.
Note that
gcd(
q2w − 1
q2 − 1
, l2w) =
qw + 1
q + 1
gcd(
qw − 1
q − 1
, lw) =
q2w−1
q2−1
gcd(n, q
w−1
q−1
)
.
Then irreducible polynomials x2t − (piul2w + piq
wul2w)xt + δul2w = (xt − piul2w)(xt −
piq
wul2w) ∈ Fq[x] if and only if x
t − piul2w ∈ Fq2 [x] if and only if
q2w−1
q2−1
|ul2w if and
only if gcd(n, q
w−1
q−1
)|u if and only if u = gcd(n, q
w−1
q−1
)u′ for 1 ≤ u′ ≤ 2r gcd(n, q − 1),
gcd(t, u′) = 1 and 2r ∤ u′, i.e. x2t−(piul2w +piq
wul2w)xt+δul2w = x2t−(αu
′l2+αu
′ql2)xt+
θu
′l2 ∈ Fq[x] is irreducible.
If t|mw,1 and t is odd, there exist
1
2
· ϕ(t)
t
· (2r − 1) · gcd(n, q − 1) = ϕ(t)
2t
· (2r −
1) · gcd(n, q − 1) irreducible polynomials of degree 2t in Fqw [x] that are in Fq[x]. On
the other hand, each irreducible polynomial x2t− (piul2w + piq
wul2w)xt+ δul2w ∈ Fqw [x],
gcd(n, q
w−1
q−1
) ∤ u, there are w conjugate irreducible polynomials in Fqw [x] such that
their product generates an irreducible polynomial in Fq[x], i.e.
∏2w−1
k=0 (x
t−piq
kul2w) ∈
Fq[x] is irreducible. From Lemma 2.3, the number of irreducible polynomials of degree
2t over Fqw in (3.3) is
ϕ(t)
2t
· (2r − 1) · gcd(n, qw − 1). Hence the number of irreducible
polynomials of degree 2wt over Fq is
ϕ(t)
2wt
· (2r − 1) · (gcd(n, qw − 1)− gcd(n, q − 1)).
If t|mw,1 and t is even, we have that u
′ must be an odd integer. Hence, the number
of irreducible polynomials of degree 2t and 2wt over Fq are
ϕ(t)
2t
· 2r · gcd(n, q− 1) and
ϕ(t)
2wt
· 2r · (gcd(n, qw − 1)− gcd(n, q − 1)), respectively.
If t ∤ mw,1 and t is odd, there is not any binomial polynomial of degree 2t in Fqw [x]
that is also in Fq[x]. Hence the number of irreducible polynomials of degree 2wt in
Fq[x] is
ϕ(t)
2wt
· (2r − 1) · gcd(n, qw − 1).
If t ∤ mw,1 and t is even, there is not any binomial polynomial of degree 2t in Fqw [x]
that is also in Fq[x]. From Lemma 2.3, the number of irreducible polynomials of
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degree 2t over Fqw in (3.3) is
ϕ(t)
2t
· 2r · gcd(n, qw−1). Hence the number of irreducible
polynomials of degree 2wt in Fq[x] is
ϕ(t)
2wt
· 2r · gcd(n, qw − 1).
Hence we have the irreducible factorization of xn − 1 over Fq in (1). As each t
divides m2w here, the total number of irreducible factors of x
n − 1 in Fq[x] is
∑
t|mw,1
t odd
ϕ(t)
t
·
2r + 1
2w
· (gcd(n, qw − 1) + (w − 1) gcd(n, q − 1))
+
∑
t ∤ mw,1
t odd
ϕ(t)
t
·
2r + 1
2w
· gcd(n, qw − 1)
+
∑
t|mw,1
t even
ϕ(t)
t
·
2r
2w
· (gcd(n, qw − 1) + (w − 1) gcd(n, q − 1))
+
∑
t ∤ mw,1
t even
ϕ(t)
t
·
2r
2w
· gcd(n, qw − 1)
=
∑
t|m2w
ϕ(t)
t
·
2r
2w
· gcd(n, qw − 1) +
∑
t|m2w
t odd
ϕ(t)
t
·
1
2w
· gcd(n, qw − 1)
+
∑
t|mw,1
ϕ(t)
t
·
2r(w − 1)
2w
· gcd(n, q − 1) +
∑
t|mw,1
t odd
ϕ(t)
t
·
w − 1
2w
· gcd(n, q − 1)
=
∏
p|m2w
p prime
(1 + vp(m2w)
p− 1
p
) ·
2r
2w
· gcd(n, qw − 1)
+
∏
p|m2w
p odd prime
(1 + vp(m2w)
p− 1
p
) ·
1
2w
· gcd(n, qw − 1)
+
∏
p|mw,1
p prime
(1 + vp(m2w)
p− 1
p
) ·
2r(w − 1)
2w
· gcd(n, q − 1)
+
∏
p|mw,1
p odd prime
(1 + vp(m2w)
p− 1
p
) ·
w − 1
2w
· gcd(n, q − 1).
Case 2. Suppose that gcd(n, q − 1, q
w−1
q−1
) = w.
Let n = wvw(n)n1n2, rad(n1)|(q − 1), rad(n2)|
qw−1
q−1
and gcd(w, n1n2) = 1.
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If vw(n) > vw(q
w − 1), by Lemma 3.1, gcd(n, qw − 1) = gcd(n, q − 1) gcd(n, q
w−1
q−1
).
Then we have
mw =
n
gcd(n, qw − 1)
= wvw(n)−vw(q
w−1) ·
n1
gcd(n1, q − 1)
·
n2
gcd(n2,
qw−1
q−1
)
and set
mw,1 =
n1
gcd(n1, q − 1)
.
Similarly, each binomial polynomial xt − δvlw ∈ Fq[x] is irreducible if and only if
v = gcd(n, q
w−1
q−1
)v′ for 1 ≤ v′ ≤ gcd(n, q− 1) and gcd(t, v′) = 1, and each polynomial
x2t− (piul2w +piq
wul2w)xt+ δul2w ∈ Fq[x] is irreducible if and only if u = gcd(n,
qw−1
q−1
)u′
for 1 ≤ u′ ≤ 2r gcd(n, q − 1), gcd(t, u′) = 1 and 2r ∤ u′. Hence we have the following
states.
If t|mw,1 and t is odd, there exist
ϕ(t)
t
· gcd(n, q−1) binomial polynomials of degree
t in Fqw [x] that are in Fq[x]. On the other hand, for each binomial x
t − δvlw ∈
Fqw [x], gcd(n,
qw−1
q−1
) ∤ v, there are w conjugate binomials in Fqw [x] such that their
product generates an irreducible polynomial in Fq[x]. Thus the number of irreducible
polynomials of degree wt in Fq[x] is
ϕ(t)
wt
· (gcd(n, qw − 1)− gcd(n, q− 1)). Also, there
exist ϕ(t)
2t
·(2r−1)·gcd(n, q−1) irreducible polynomials of degree 2t in Fqw [x] that are in
Fq[x]. On the other hand, each irreducible polynomial x
2t−(piul2w+piq
wul2w)xt+δul2w ∈
Fqw [x], gcd(n,
qw−1
q−1
) ∤ u, there are w conjugate irreducible polynomials in Fqw [x] such
that their product generates an irreducible polynomial in Fq[x]. Hence the number
of irreducible polynomials of degree 2wt over Fq is
ϕ(t)
2wt
· (2r − 1) · (gcd(n, qw − 1) −
gcd(n, q − 1)).
If t ∤ mw,1 and t is odd, there is no any binomial polynomial of degree t in Fqw [x]
that is also in Fq[x]. Hence the number of irreducible polynomials of degree wt in
Fq[x] is
ϕ(t)
wt
· gcd(n, qw− 1). Also, there is no any binomial polynomial of degree 2t in
Fqw [x] that is also in Fq[x]. Hence the number of irreducible polynomials of degree
2wt in Fq[x] is
ϕ(t)
2wt
· (2r − 1) · gcd(n, qw − 1).
If t|mw,1 and t is even, the number of irreducible polynomials of degree 2t and
2wt over Fq are
ϕ(t)
2t
· 2r · gcd(n, q − 1) and ϕ(t)
2wt
· 2r · (gcd(n, qw − 1)− gcd(n, q − 1)),
respectively.
If t ∤ mw,1 and t is even, there is no any binomial polynomial of degree 2t in Fqw [x]
that is also in Fq[x]. Hence the number of irreducible polynomials of degree 2wt in
Fq[x] is
ϕ(t)
2wt
· 2r · gcd(n, qw − 1).
Similarly, we have the irreducible factorization of xn − 1 over Fq in (1) and the
total number of irreducible factors of xn − 1 in Fq[x].
If vw(n) < vw(q
w−1), by Lemma 3.1, gcd(n, qw−1) = gcd(n/w, q−1) gcd(n, q
w−1
q−1
).
Then we have
mw =
n
gcd(n, qw − 1)
=
n1
gcd(n1, q − 1)
·
n2
gcd(n2,
qw−1
q−1
)
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and set
mw,1 =
n1
gcd(n1, q − 1)
.
For t|m2w, t odd, 1 ≤ v ≤ gcd(n, q
w − 1) and gcd(t, v) = 1, we have that xt − δvlw ∈
Fq[x] is irreducible if and only if
gcd(n, q
w
−1
q−1
)
w
| v as
gcd(
qw − 1
q − 1
, lw) = gcd(
qw − 1
q − 1
,
q − 1
gcd(n/w, q − 1)
·
qw−1
q−1
gcd(n, q
w−1
q−1
)
) =
w · q
w−1
q−1
gcd(n, q
w−1
q−1
)
.
Then we have the following states.
If t|mw,1 and t is odd, we have x
t − δvlw ∈ Fq[x] is also irreducible if and only if
v =
gcd(n, q
w
−1
q−1
)
w
v′ for 1 ≤ v′ ≤ gcd(n, q − 1) and gcd(t, v′) = 1. Hence there exist
ϕ(t)
t
·gcd(n, q−1) binomial polynomials of degree t in Fqw [x] that are in Fq[x]. On the
other hand, for each binomial xt− δvlw ∈ Fqw [x],
gcd(n, q
w
−1
q−1
)
w
∤ v, there are w conjugate
binomials in Fqw [x] such that their product generates an irreducible polynomial in
Fq[x], i.e.
∏w−1
k=0 (x
t − δvq
klw) ∈ Fq[x] is irreducible. Thus the number of irreducible
polynomials of degree wt in Fq[x] is
ϕ(t)
wt
· (gcd(n, qw − 1)− gcd(n, q − 1)).
If t ∤ mw,1 and t is odd, there is no any binomial polynomial of degree t in Fqw [x]
that is also in Fq[x]. Hence the number of irreducible polynomials of degree wt in
Fq[x] is
ϕ(t)
wt
· gcd(n, qw − 1).
Secondly, we investigate whether each polynomial x2t− (piul2w +piq
wul2w)xt+δul2w ∈
Fq[x] is irreducible in (3.3).
Note that
gcd(
q2w − 1
q2 − 1
, l2w) =
qw + 1
q + 1
gcd(
qw − 1
q − 1
, lw) =
w · q
2w−1
q2−1
gcd(n, q
w−1
q−1
)
.
Then irreducible polynomials x2t − (piul2w + piq
wul2w)xt + δul2w = (xt − piul2w)(xt −
piq
wul2w) ∈ Fq[x] if and only if x
t−piul2w ∈ Fq2 [x] if and only if
q2w−1
q2−1
|ul2w if and only if
gcd(n, q
w
−1
q−1
)
w
|u if and only if u =
gcd(n, q
w
−1
q−1
)
w
u′ for 1 ≤ u′ ≤ 2r gcd(n, q−1), gcd(t, u′) = 1
and 2r ∤ u′, i.e. x2t− (piul2w +piq
wul2w)xt+ δul2w = x2t− (αu
′l2 +αu
′ql2)xt+ θu
′l2 ∈ Fq[x]
is irreducible.
If t|mw,1 and t is odd, there exist
ϕ(t)
2t
·(2r−1)·gcd(n, q−1) irreducible polynomials of
degree 2t in Fqw [x] that are in Fq[x]. On the other hand, each irreducible polynomial
x2t − (piul2w + piq
wul2w)xt + δul2w ∈ Fqw [x], gcd(n,
qw−1
q−1
) ∤ u, there are w conjugate
irreducible polynomials in Fqw [x] such that their product generates an irreducible
polynomial in Fq[x]. Hence the number of irreducible polynomials of degree 2wt over
Fq is
ϕ(t)
2wt
· (2r − 1) · (gcd(n, qw − 1)− gcd(n, q − 1)).
If t|mw,1 and t is even, the number of irreducible polynomials of degree 2t and
2wt over Fq are
ϕ(t)
2t
· 2r · gcd(n, q − 1) and ϕ(t)
2wt
· 2r · (gcd(n, qw − 1)− gcd(n, q − 1)),
respectively.
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If t ∤ mw,1 and t is odd, there is no any binomial polynomial of degree 2t in Fqw [x]
that is also in Fq[x]. Hence the number of irreducible polynomials of degree 2wt in
Fq[x] is
ϕ(t)
2wt
· (2r − 1) · gcd(n, qw − 1).
If t ∤ mw,1 and t is even, there is no any binomial polynomial of degree 2t in
Fqw [x] that is also in Fq[x]. In this case, by Lemma 2.3, the number of irreducible
polynomials of degree 2t over Fqw in (3.3) is
ϕ(t)
2t
·2r ·gcd(n, qw−1). Hence the number
of irreducible polynomials of degree 2wt in Fq[x] is
ϕ(t)
2wt
· 2r · gcd(n, qw − 1).
Hence we have the irreducible factorization of xn − 1 over Fq in (1) and the total
number of irreducible factors of xn − 1 in Fq[x]. 
Example 3.5. Suppose that q = w = 3 and n = 2k113k2 where k1, k2 are positive
integers with k1 > 3, k2 > 1. It is easy to check that these positive integers satisfying
the condition in Theorem 3.4, i.e., ordrad(n)(q) = 3 and q ≡ 3 (mod 4) and 8|n. By
directly calculation, we have m2w = 2
k1−313k2−1 and mw,1 = 2
k1−3. Hence the total
irreducible factors number of xn− 1 over F3 is 8k1k2+2k1− 4k2− 1 by Theorem 3.4.
For example, from the formula above, the total irreducible factors number of x104 − 1
over F3 is 8× 3 + 2× 3− 4− 1 = 25.
3.2. w = 2.
Theorem 3.6. Assume that rad(n)|(q2−1) and rad(n) ∤ (q−1). Let n = 2v2(n)n1n2,
rad(n1)|(q−1), rad(n2)|(q+1), gcd(n1, n2) = 1. Setm2 =
n
gcd(n,q2−1)
, m2,1 =
n1
gcd(n1,q−1)
,
l2 =
q2−1
gcd(n,q2−1)
, l1 =
q−1
gcd(n,q−1)
, α a generator of F∗q2 satisfying α
q+1 = θ. Then
(1) The irreducible factorization of xn − 1 over Fq is∏
t|m2,1
∏
1 6 u′ 6 gcd(n, q − 1)
gcd(u′, t) = 1
(xt − θu
′l1) ·
∏
t|m2
u ∈ Rt
(x2t − (αul2 + αqul2)xt + θul2) (3.4)
where
Rt =
{
u ∈ N :
1 ≤ u ≤ gcd(n, q2 − 1), gcd(u, t) = 1,
q + 1 ∤ ul2, u = min{u, qu}gcd(n,q2−1)
}
.
(2) For each t|m2,1, the number of irreducible binomials of degree t and degree 2t
in Fq[x] are
ϕ(t)
t
· gcd(n, q − 1) and ϕ(t)
2t
· (gcd(n, q2 − 1)− gcd(n, q− 1)), respectively.
For each t|m2 with t ∤ m2,1, the number of irreducible binomials of degree 2t in Fq[x]
is ϕ(t)
2t
· gcd(n, q2 − 1). The total number of irreducible factors of xn − 1 in Fq[x] is
∏
p|m2
p prime
(1 + vp(m2)
p− 1
p
) ·
gcd(n, q2 − 1)
2
+
∏
p|m2,1
p prime
(1 + vp(m2,1)
p− 1
p
) ·
gcd(n, q − 1)
2
.
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Proof. By Lemma 2.2, there is a irreducible factorization of xn − 1 in Fq2[x] :
xn − 1 =
∏
t|m2
∏
1 6 u 6 gcd(n, q2 − 1)
gcd(u, t) = 1
(xt − αul2). (3.5)
In Eq.(3.5), by [8] for each divisor t of m2 the number of irreducible binomials of
degree t in Fq2 [x] is
ϕ(t)
t
· gcd(n, q2 − 1). Moreover, we know that xt − αul2 is also
irreducible in Fq[x] if and only if (q+1)|ul2 if and only if α
ul2 ∈ Fq. In the following,
we investigate it in the following cases.
Case 1. Suppose that gcd(n, q − 1, q + 1) = 1. Let n = n1n2, rad(n1)|(q − 1),
rad(n2)|(q + 1) and gcd(n1, n2) = 1. So gcd(n, q
2 − 1) = gcd(n, q − 1) gcd(n, q + 1)
and
gcd(q + 1, l2) = gcd(q + 1,
q − 1
gcd(n, q − 1)
·
q + 1
gcd(n, q + 1)
) =
q + 1
gcd(n, q + 1)
.
Hence we have that xt − αul2 ∈ Fq[x] is irreducible if and only if (q + 1)|ul2 if and
only if gcd(n, q + 1)|u. We have
m2 =
n
gcd(n, q2 − 1)
= 2v2(m2) ·
n1
gcd(n1, q − 1)
·
n2
gcd(n2, q + 1)
,
and set
m2,1 =
n1
gcd(n1, q − 1)
.
If t|mw,1, then x
t−αul2 ∈ Fq[x] is also irreducible if and only if u = gcd(n2, q+1)u
′
for 1 ≤ u′ ≤ gcd(n, q − 1) and gcd(t, u′) = 1. Hence there exist ϕ(t)
t
· gcd(n, q − 1)
irreducible binomials of degree t in Fq2 [x] that are in Fq[x]. On the other hand, for each
binomial xt−αul2 ∈ Fq2[x], gcd(n, q+1) ∤ u, there are 2 conjugate binomials in Fq2[x]
such that their product generates an irreducible polynomial in Fq[x]. Thus the number
of irreducible polynomials of degree 2t in Fq[x] is
ϕ(t)
2t
· (gcd(n, q2−1)−gcd(n, q−1)).
If t ∤ mw,1, then there is no any binomial polynomial of degree t in Fq2 [x] that is
also in Fq[x]. Hence the number of irreducible polynomials of degree wt in Fq[x] is
ϕ(t)
2t
· gcd(n, q2 − 1).
Hence we have the irreducible factorization of xn − 1 over Fq in (3.4). Finally, the
total number of irreducible factors of xn − 1 in Fq[x] is
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∑
t|m2,1
ϕ(t)
2t
· (gcd(n, q2 − 1) + gcd(n, q − 1)) +
∑
t∤m2,1
ϕ(t)
t
·
gcd(n, q2 − 1)
2
=
∏
p|m2
p prime
(1 + vp(m2)
p− 1
p
) ·
gcd(n, q2 − 1)
2
+
∏
p|m2,1
p prime
(1 + vp(m2,1)
p− 1
p
) ·
gcd(n, q − 1)
2
.
Case 2. Suppose that gcd(n, q−1, q+1) = 2. In this case, we have to divided the
discussion into two subcases:
Suppose that q ≡ 1 (mod 4). Let n = 2v2(n)n1n2, where rad(n1)|(q−1), rad(n2)|(q+
1), and gcd(2, n1n2) = 1. Set m2,1 =
n1
gcd(n1,q−1)
.
If v2(n) ≥ v2(q − 1) + 1, we have gcd(n, q
2 − 1) = gcd(n, q − 1) gcd(n, q + 1) as
v2(q + 1) = 1 and so
gcd(q + 1, l2) = gcd(q + 1,
q − 1
gcd(n, q − 1)
q + 1
gcd(n, q + 1)
) =
q + 1
gcd(n, q + 1)
.
Hence we have that xt − αul2 ∈ Fq[x] is irreducible if and only if (q + 1)|ul2 if and
only if gcd(n, q+1) | u. Similarly, we have the irreducible factorization of xn−1 over
Fq in (3.4) and the total number of irreducible factors of x
n − 1 in Fq[x].
If v2(n) 6 v2(q − 1), we have gcd(n, q
2 − 1) = gcd(n/2, q − 1) gcd(n, q + 1) and
gcd(q + 1, l2) = gcd(q + 1,
q − 1
gcd(n/2, q − 1)
q + 1
gcd(n, q + 1)
) =
2(q + 1)
gcd(n, q + 1)
.
Hence we have that xt − αul2 ∈ Fq[x] is irreducible if and only if (q + 1)|ul2 if
and only if gcd(n,q+1)
2
| u. Note that gcd(n, q2 − 1) = gcd(n, q − 1) · 1
2
· gcd(n, q + 1).
Similarly, we have the irreducible factorization of xn−1 over Fq in (3.4) and the total
number of irreducible factors of xn − 1 in Fq[x].
Suppose that q ≡ 3 (mod 4). Let n = 2v2(n)n1n2, where rad(n1)|(q−1), rad(n2)|q+
1, and gcd(2, n1n2) = 1. Set mw,1 =
n1
gcd(n1,q−1)
.
If v2(n) ≥ v2(q + 1) + 1, we have gcd(n, q
2 − 1) = gcd(n, q − 1) gcd(n, q + 1) as
v2(q − 1) = 1 and so
gcd(q + 1, l2) = gcd(q + 1,
q − 1
gcd(n, q − 1)
q + 1
gcd(n, q + 1)
) =
q + 1
gcd(n, q + 1)
.
Hence we have that xt − αul2 ∈ Fq[x] is irreducible if and only if (q + 1)|ul2 if and
only if gcd(n, q+1) | u. Similarly, we have the irreducible factorization of xn−1 over
Fq in (3.4) and the total number of irreducible factors of x
n − 1 in Fq[x].
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If v2(n) 6 v2(q + 1), we have gcd(n, q
2 − 1) = gcd(n, q − 1) gcd(n/2, q + 1) and
gcd(q + 1, l2) = gcd(q + 1,
q − 1
gcd(n, q − 1)
q + 1
gcd(n/2, q + 1)
) =
q + 1
gcd(n/2, q + 1)
.
Hence we have that xt−αul2 ∈ Fq[x] is irreducible if and only if (q+1) | ul2 if and
only if gcd(n/2, q + 1) | u. Similarly, we have the irreducible factorization of xn − 1
over Fq in (3.4) and the total number of irreducible factors of x
n − 1 in Fq[x]. 
Example 3.7. Suppose that w = 2 and ordrad(n)(q) = 2. In Table 2, we list irre-
ducible factor numbers of xn − 1 over Fq for q < 10 by Theorem 3.6.
Table 2. Total irreducible factor number of xn − 1
q n mw mw,1 Irreducible factors number
2 3k(k > 1) 3k−1 1 k + 1
4 3k15k2(0 6 k1 6 1, k2 > 1) 5
k2−1 1 3k1(2k2 + 1)
4 3k15k2(k1 > 2, k2 > 1) 3
k1−15k2−1 3k1−1 (2k1 + 1)(2k2 + 1)
5 2k13k2(0 6 k1 6 2, k2 > 1) 3
k2−1 1 2k1(k2 + 1)
5 2k13k2(k1 > 3, k2 > 1) 2
k1−33k2−1 1 4k1k2 + 2k1 − 4k2
8 3k17k2(1 6 k1 6 2, 0 6 k2 6 1) 1 1
(3k1+1)7k2
2
8 3k17k2(1 6 k1 6 2, k2 > 2) 7
k2−1 7k2−1 7+3
k1 (6k2+1)
2
8 3k17k2(k1 > 3, 0 6 k2 6 1) 3
k1−2 1 7k2(3k1 − 1)
8 3k17k2(k1 > 3, k2 > 2) 3
k1−27k2−1 7k2−1 (3k1 − 1)(6k2 + 1)
9 2k15k2(0 6 k1 6 3, k2 > 1) 5
k2−1 1 2k1(2k2 + 1)
9 2k15k2(k1 > 4, k2 > 1) 2
k1−45k2−1 1 4(4k1k2 + k1 − 8k2 − 1)
4. Concluding remarks
In this paper, suppose that rad(n) ∤ (q− 1) and rad(n)|(qw− 1), where w is prime,
we explicitly give the factorization of xn−1 over Fq. If w is a composite number, can
we give the explicit factorization of xn − 1 over Fq? We leave this for future work.
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